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Abstract The multiple Traveling Salesman Problem (mTSP) is a complex combinatorial optimization problem, which is a generalization of the well-known
Traveling Salesman Problem (TSP), where one or more salesmen can be used in
the solution. The optimization task can be described as follows: given a fleet of
vehicles, a common depot and several requests by the customers, find the set of
routes with overall minimum route cost which service all the demands. Because of
the fact that TSP is already a complex, namely an NP-complete problem, heuristic
optimization algorithms, like genetic algorithms (GAs) need to take into account.
The extension of classical GA tools for mTSP is not a trivial problem, it requires
special, interpretable encoding to ensure efficiency. The aim of this paper is to review how genetic algorithms can be applied to solve these problems and propose a
novel, easily interpretable representation based GA.
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1 Introduction
In logistics, the main goal is to get the right materials to the right place at the right
time, while optimizing some performance measure, like the minimization of total
operating cost, and satisfying a given set of constraints (e.g. time and capacity
constraints). In logistics, several types of problems could come up; one of the
most remarkable is the set of route planning problems. One of the most studied
route planning problem is the Vehicle Routing Problem (VRP), which is a complex combinatorial optimization problem that can be described as follows: given a
fleet of vehicles with uniform capacity, a common depot, and several requests by
the customers, find the set of routes with overall minimum route cost which service all the demands. The complexity of the search space and the number of decision variables makes this problem notoriously difficult.
The relaxation of VRP is the multiple traveling salesman problem (mTSP) [3],
which is a generalization of the well-known traveling salesman problem (TSP)
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[10], where one or more salesman can be used in the solution. Because of the fact
that TSP belongs to the class of NP-complete problems, it is obvious that mTSP is
an NP-hard problem thus it's solution require heuristic approach.
In this paper tools developed for a modified mTSP related to the optimization
of one to many distribution systems will be studied and a novel genetic algorithm
based solution will be proposed.
In the case of mTSP, a set of nodes (locations or cities) are given, and all of the
cities must be visited exactly once by the salesmen who all start and end at the
single depot node. The number of cities is denoted by n and the number of salesman by m. The goal is to find tours for all salesmen, such that the total travelling
cost (the cost of visiting all nodes) is minimized. The cost metric can be defined in
terms of distance, time, etc. Some possible variations of the problem are as follows:
• Multiple depots: If there exist multiple depots with a number of salesmen located at each, a salesman can return to any depot with the restriction that the initial number of salesmen at each depot remains the same after all the travel.
• Number of salesmen: The number of salesmen in the problem can be a fixed
number or a bounded variable.
• Fixed charges: If the number of salesmen is a bounded variable, usually the
usage of each salesman in the solution has an associated fixed cost. In this case
the minimization of this bounded variable may be involved in the optimization.
• Time windows: Certain cities must be visited in specific time periods, named as
time windows. This extension of mTSP is referred to as multiple Traveling Salesman Problem with Time Windows (mTSPTW).
• Other restrictions: These additional restrictions can consist of the maximum or
minimum distance or travelling duration a salesman travels, or other special
constraints.
mTSP is more capable to model real life applications than TSP, since it handles
more than one salesmen. An overview of application areas can be found in [3] and
in [10]. In the paper, an mTSPTW problem will be optimized with a novel approach, where the number of salesmen is an upper bounded variable, and there exist additional constraints, like the maximum travelling distance of each salesman.
Usually, mTSP is formulated by integer programming formulations. One variation is presented in equations (1.1)-(1.7). The mTSP problem is defined on a
graph G = (V,A), where V is the set of n nodes (vertices) and A is the of arcs
(edges). Let C = ( cij ) be a cost (distance) matrix associated with A. The matrix C
is symmetric if

cij = c ji , ∀(i, j ) ∈ A and asymmetric otherwise. Here

xij ∈ {0,1} is a binary variable used to represent that an arch is used on the tour
and

cm represents the cost of the involvement of one salesman in the solution.

Further mathematical representations can be found in [3].
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2 Literature review
In the last two decades the traveling salesman problem received quite big attention, and various approaches have proposed to solve the problem, e.g. branch-andbound [7], cutting planes [17], neural network [4] or tabu search [9]. Some of
these methods are exact algorithms, while others are near-optimal or approximate
algorithms. The exact algorithms use integer linear programming approaches with
additional constraints.
The mTSP is much less studied like TSP. [3] gives a comprehensive review of
the known approaches. There are several exact algorithms of the mTSP with relaxation of some constraints of the problem, like [15], and the solution in [1] is
based on Branch-and-Bound algorithm.
Due to the combinatorial complexity of mTSP, it is necessary to apply some
heuristic in the solution, especially in real-sized applications. One of the first heuristic approach were published by Russell [23] and another procedure is given by
Potvin et al. [20]. The algorithm of Hsu et al. [12] presented a Neural Networkbased solution.
More recently, genetic algorithms (GAs) are successfully implemented to solve
TSP [8]. Potvin presents a survey of GA approaches for the general TSP [21].
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2.1 Application of genetic algorithms to solve mTSP
Lately GAs are used for the solution of mTSP too. The first result can be bound to
Zhang et al. [25]. Most of the work on solving mTSPs using GAs has focused on
the vehicle scheduling problem (VSP) ([16, 18]). VSP typically includes additional constraints like the capacity of a vehicle (it also determines the number of cities
each vehicle can visit), or time windows for the duration of loadings. Recent application can be found in [4], where GAs were developed for hot rolling scheduling. It converts the mTSP into a single TSP and apply a modified GA to solve the
problem.
A new approach of chromosome representation, the so-called two-part chromosome technique can be found in [5] which reduces the size of the search space by
the elimination of redundant solutions. According to the referred paper, this representation is the most effective one so far.
There are several representations of mTSP, like one chromosome technique
[20], the two chromosome technique [16, 18] and the latest two-part chromosome
technique. Each of the previous approaches has used only a single chromosome to
represent the whole problem, although salesmen are physically separated from
each other. The novel approach presented in the next chapter use multiple chromosomes to model the tours.

3 The proposed GA-based approach to solve the mTSP
GAs are relatively new global stochastic search algorithms which based on evolutionary biology- and computer science principles [11]. Due to the effective optimization capabilities of GAs [2], it makes these technique suitable solving TSP
and mTSP problems.

3.1 The novel genetic representation for mTSP
As mentioned in the previous chapter, every GA-based approach for solving the
mTSP has used single chromosome for representation so far. The new approach
presented here is a so-called multi-chromosome technique, which separates the salesmen from each other thus may present a more effective approach.
This approach is used in notoriously difficult problems to decompose complex
solution into simpler components. It was used in mixed integer problem [19], a
usage of routing problem optimization can be seen in [18] and a lately solution of
a symbolic regression problem in [6]. This section discusses the usage of multichromosomal genetic programming in the optimization of mTSP.
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Fig. 1 Example of the multi-chromosome representation for a 15 city mTSP with 4 salesmen.

Fig. 1 illustrates the new chromosome representation for mTSP with 15 locations (n=15) and with 4 salesperson (m=4). The figure above illustrates a single
individual of the population. Each individual represents a single solution of the
problem. The first chromosome represents the first salesman itself so each gene
denotes a city (depot is not presented here, it is the first and the last station of each
salesman). This encoding is so-called permutation encoding. It can be seen in the
example that salesperson 1 visits 4 cities: city 2,5,14 and 6, respectively. In the
same way, chromosome 2 represents salesperson 2 and so on. This representation
is much similar to the characteristic of the problem, because salesmen are separated from each other "physically".

3.2 Special genetic operators
Because of our new representation, implementation of new genetic operators became necessary, like mutation operators. There are two sets of mutation operators,
the so-called In-route mutations and the Cross-route mutations. Only some example of the newly created operators are given in this section. Further information
with several examples about the novel operators can be found in [13].
In-route mutation operators work inside one chromosome. An example is illustrated on Fig. 2. The operator chooses a random subsection of a chromosome and
inverts the order of the genes inside it.
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Fig. 2 In-route mutation – gene sequence inversion.

Cross-route mutation operates on multiple chromosomes. If we think about the
distinct chromosomes as individuals, this method could be similar to the regular
crossover operator. Fig. 3 illustrates the method when randomly chosen subparts
of two chromosomes are transposed. If the length of one of the chosen subsections
is equal to zero, the operator could transform into an interpolation.

Fig. 3 Cross-route mutation – gene sequence transposition.

3.3 Genetic algorithm
Every genetic algorithm starts with an initial solution set consists of randomly
created chromosomes. This is called population. The individuals in the new population are generated from the previous population’s individuals by the predetermined genetic operators. The algorithm finishes if the stop criteria is satisfied.
Obviously for a specific problem it is a much more complex task, we need to
define the encoding, the specific operators and selection method. The encoding is
the so-called permutation encoding (see previous section). Detailed description of
the related operators can be found in [14] and an example can be seen in the previous section.
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3.3.1 Fitness function
The fitness function assigns a numeric value to each individual in the population.
This value define some kind of goodness, thus it determines the ranking of the individuals. The fitness function is always problem dependent.
In this case the fitness value is the total cost of the transportation, i.e. the total
length of each round trip. The fitness function calculates the total length for each
chromosome, and summarizes these values for each individual. This sum is the
fitness value of a solution. Obviously it is a minimization problem, thus the smallest value is the best.

3.3.2 Selection
Individuals are selected according to their fitness. The better the chromosomes
are, the more chances to be selected they have. The selected individuals can be
presented in the new population without any changes (usually with the best fitness), or can be selected to be a parent for a crossover. We use the so-called tournament selection because of its efficiency.
In the course of tournament selection, a few (tournament size, min. 2) individuals are selected from the population randomly. The winner of the tournament is the
individual with the best fitness value. Some of the first participants in the ranking
are selected into the new population (directly or as a parent).

3.4 Complexity analysis
Using the multi-chromosome technique for the mTSP reduces the size of the overall search space of the problem. Let the length of the first chromosome be k1, let
the length of the second be k2 and so on. Of course

∑

m
i =1 i

k = n . Determining the

genes of the first chromosome is equal to the problem of obtaining an ordered subset of k1 element from a set of n elements. There are
ment. This number is

n!
distinct assign(n − k1 )!

(n − k1 )!
for the second chromosome, and so on.
(n − k1 − k 2 )!

Thus, the total search space of the problem can be formulated as equation (3.1).
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(3.1)
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It is necessary to determine the length of each chromosome too. It can be
represented as a positive vector of the lengths (k1, k2,…, km) that must sum to n.

 n −1 

 distinct positive integer-valued vectors that satisfy this re m − 1
 n −1 
 .
quirement [22]. Thus, the solution space of the new representation is n!
 m − 1

There are

It is equal with the solution space in [5], but this approach is more similar to the
characteristic of the mTSP, so it can be more problem-specific therefore more effective.

4 Implementation issues
To analyze the new representation, a novel genetic algorithm using this approach
was developed in MATLAB. This novel approach was compared with the most effective one so far (the two-part chromosome) which is available on MATLAB
Central1. The novel algorithm can optimize the traditional mTSP problems, furthermore, it is capable to handle the additional constraints and time windows (see
Sect. 1).
It requires two input sets, like the coordinates of the cities and the distance table which contains the travelling distances between any pair of cities. Naturally,
the determination of the constraints, time windows and the parameters of the genetic algorithms are also necessary.
The fitness function simply summarizes the overall route lengths for each salesman inside an individual. The selection is tournament selection, where tournament size i.e. the number of individuals who compete for survival is 8. Therefore
population size must be divisible by 8. The winner of the tournament is the member with the smallest fitness, this individual is selected for new individual creation,
and this member will get into the new population without any modification.
The penalty of the too long routes (over the defined constraint) instead of a
proportionally large fitness value assignment is implemented by a split operator,
which separates the route into smaller routes, which do not exceed the constraints
(but the number of salesmen is incremented). Because there exists a constraint for
the number of the salesmen, the algorithm involves the minimization of this
amount, hence this penalty has a remarkable effect in the optimization process.
Further information about the implemented algorithm can be found in [14].

1

http://www.mathworks.com/matlabcentral/
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5 Illustrative example
Although the algorithm was tested with a big number of problems, only an illustrative result is presented here. As it was mentioned earlier, the algorithm has implemented in MATLAB, tiny refinements in constraints are in progress. The exmaple represents a whole process of a real problem’s solution. The initial input is
given in a Google Maps map, and the final output is a route system defined by a
Google Maps map also.
The first step is the determination of the distance matrix. The input data is given by a map as it can see on Fig. 4 and a portion of the resulted distance table is
shown on Table 1. It contains 25 locations (with the depot). The task is to determine the optimal routes for these locations with the following constraints: the
maximum number of salesmen is 5 and the maximum travelling distance of each
salesman is 450 km.

Fig. 4 The map of the example application (initial input).
Kilometers Adony Celldömölk Kapuvár
Adony

0

169.81

147.53

Celldömölk 169.41 0

44.42

Kapuvár

0

146.56 44.43

Table 1 Example distance table - kilometers.

After distance table determination, the optimizer algorithm can be executed to
determine the optimal routes using the novel representation. The GA ran with a
population size 320 and it did 200 iterations. The result of the optimization is
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shown on Fig. 5. It resulted that 4 salesman is enough to satisfy the constraints.
After the optimization, we can visualize the results on a Google Maps map, as it is
shown on Fig. 6. The length of the routes are 364 km, 424 km, 398 km and 149
km respectively, i.e. they satisfy the constraints, thus the algorithm provided a
feasible solution of the problem.
In every case, the running time was between 1 and 2 minutes. The genetic algorithm has made 200 iterations, because experiences have shown that this number
is sufficient for the optimization.

Fig. 5 The result of the optimization by MATLAB.

Fig. 6 Result of the optimization on a Google Maps map for 25 locations with at most 5 salesmen and at most 450 km tour length per salesman.
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Obviously the algorithm is highly sensitive for the number of iterations. The
running time is directly proportional to the iteration number, but the resulted best
solution can’t get better after a specific time. If the constraints become tighter, the
duration time will increase slightly. With 500 maximal tour lengths, it is about 90
seconds, and with 450 it is about 110 seconds. The maximal tour length (or equivalently the maximal duration per tour) has a big effect of the number of salesman
needed. The tighter the constraints are, the bigger the number of salesman we
need. However narrower restrictions forth more square round trips. Furthermore,
the resulted optima can depend on the initial population. On Fig. 7 it can be seen
that the algorithm can find a near optimal solution in more than 80% of the cases.
The effectiveness of the calculation can be enhanced by applying additional heuristics. Obviously these results can be further improved by executing more iteration also.

Fig. 7 Results of the optimization from different initial values.

6. Conclusions
In this paper a detailed overview was given about the application of genetic algorithms in vehicle routing problems. It has been shown that the problem is closely
related to the multiple Traveling Salesman Problem. A novel representation based
genetic algorithm has been developed to the specific one depot version of
mTSPTW. The main benefit is the transparency of the representation that allows
the effective incorporation of heuristics and constrains and allows easy implementation. Some heuristics can be applied to improve the effectiveness of the algorithm, like the appropriate choice of the initial population. After some final touches, the supporting MATLAB code will be also available at the website of the
authors.
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